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Abstract
We develop a field-quantization scheme for calculating quantum electrodynamic effects on po-
larizabilities of light atomic systems. This scheme is based on the theory of long-wavelength quan-
tum electrodynamics of Pachucki [Phys. Rev. A 69, 052502 (2004)], which combines the theory
of nonrelativistic quantum electrodynamics with the Power-Zienau transformation. The external
electromagnetic field effects, including electric and magnetic multipole polarizabilities and their rel-
ativistic and radiative corrections, are derived using this scheme. The Coulomb-transverse-photon
contributions are shown to be zero due to parity symmetry.
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I. INTRUDUCTION
So far, the unified field-quantization method to derive polarizabilities and their various
relativistic effects for light atomic systems has been rarely studied. Recently, precision spec-
troscopies for few-body atomic and molecular systems have provided excellent opportunities
for testing quantum electrodynamic (QED) theory and for determining fundamental physical
constants, such as the Rydberg constant [1, 2], the nuclear charge radius of the atom con-
cerned [3], and the proton-to-electron mass ratio [4]. The significant discrepancy in the pro-
ton charge radius determined from the hydrogen spectroscopy and from the muonic hydrogen
spectroscopy has stimulated a lot of research activities, both theoretically and experimen-
tally, on simple atomic systems, demanding for more accurate experimental measurements
and more precise theoretical calculations [5]. Although some of the transition frequencies in
helium have been measured to an extremely high accuracy, there are still deviations between
different experimental results. The helium nuclear charge radius derived from the 23S−23P
transition has a 4σ dispute with the value derived from the 23S−21S transition [6]. Despite
the recent significant improvement over the 23S− 21S transition frequency, the discrepancy
between the obtained radii is strengthened [7]. The 23S − 23P transition frequency of 4He
measured by different experiments still has notable discrepancy [3, 8]. Experimentally, the
blackbody radiation shift due to the AC Stark effect is one of the main systematic errors
in some measurements, such as in the development of atomic optical clocks at the level of
10−18 uncertainty [9, 10]. Nowadays, the concepts of magic and tune-out wavelengths are
used in order to overcome the AC Start effects in precision measurements [11, 12]. Many
calculations have been performed on magic and tune-out wavelengths to provide helpful
guidance in searching best candidates for clock systems [13, 14].
Bound-state QED theory for few-electron atomic systems, in particular for helium, has
been greatly developed in the past two decades [15], which has become an important corner-
stone for precision studies of light atomic systems. For example, the next-highest-order mα7
QED corrections in helium allow for a direct extraction of the nuclear radius of 4He [16]. Cal-
culations on polarizabilities of helium isotopes have focussed on the magic wavelength and
tune-out wavelength for the transitions 23S−23P and 21S−23S and the involved states [17–
19] and a good agreement with experiment has been achieved [7, 20]. Relativistic effects on
dynamical polarizabilities have become non-negligible, and radiative corrections will become
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more and more important as experimental precision is improving. There are works on rela-
tivistic and QED corrections to the static polarizability [21, 22] and relativistic corrections
to the dynamical polarizability [23] of helium. In these calculations, relativistic corrections
were derived by perturbing the known nonrelativistic polarizability, and the radiative cor-
rections were derived by taking second-order electric-field derivative of the Bethe-logarithm
term. In contrast to the growing importance of relativistic and radiative effects in atoms in
an external electromagnetic field, a unified field-quantization scheme for treating dynamical
polarizability is still less investigated, including contributions from magnetic dipole, electric
quadrupole, and higher order effects.
The purpose of this paper is to present a unified scheme, based on the long-wavelength
QED theory of Pachucki [24], for studying the polarizabilities of a light atom and their rela-
tivistic and radiative corrections, where the external electromagnetic fields are kept at second
order. Combining the theory of nonrelativistic quantum electrodynamics (NRQED) with
the Power-Zienau (PZ) transformation, the dynamical polarizability and its relativistic and
radiative corrections are obtained under this unified framework. We introduce the principle
of this scheme in Sec. II. Dynamical polarizability and its relativistic and radiative correc-
tions are treated in Sec. III. In Sec. IV, we introduce the concept of magnetic polarizability
and its relativistic corrections. In Sec. V, we discuss other types of corrections, including
the one from the Coulomb-transverse-photon. Two notes on the PZ transformation and
radiative calculations are contained in Appendices A and B. Throughout this paper, the
Einstein summation convention is adopted, where we do not distinguish the covariant and
contravariant variables, i.e., xi = xi. Also the system of natural units is used where ~ = 1
and c = 1.
II. THEORY AND METHOD
NRQED is an effective field theory on light atomic systems that is based on an effective
Lagrangian of nonrelativistic field. This theory was first introduced by Caswell and Lep-
age [25]. Another form of NRQED was developed by Pachucki [26, 27], which is based on an
effective Hamiltonian derived from the Foldy-Wouthuysen transformation. The singularity
of Green’s function determines the energy-shift.
For an electron in an electromagnetic field, the relativistic effects can be described by the
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well-known Dirac Hamiltonian
HD = α · pi + βm+ eA
0, (1)
where pi = p−eA, with Aµ being the electromagnetic four potential, and α and pi are usual
Dirac matrices. The energy shift due to the external electromagnetic field to second order
can be written in the form
∆E =
∑
a,b
〈
ψD
∣∣∣∣J iaeık·xa 1E −HD + ωJ j†b e−ık·xb + J i†a eık·xa 1E −HD − ωJ jb e−ık·xb
∣∣∣∣ψD〉 ,
(2)
where J is the electromagnetic current operator that describes electromagnetic interaction,
|ψD〉 is an eigenstate of the Dirac Hamiltonian HD, and the summation over a and b rep-
resents different fermions in the system. Generally, for a light atomic system the energy
levels can be determined approximately by solving the corresponding Schro¨dinger equation
because of the characteristic of low momenta of the electrons. The relativistic and radiative
corrections can then be taken into account using perturbation theory. In order to make
Eq. (2) suitable for accommodating Schro¨dinger wave functions, one should perform a non-
relativistic approximation to reveal relativistic corrections. The common step towards this
is to perform the Foldy-Wouthuysen (FW) transformation [28], which is a unitary transfor-
mation defined by
HFW = e
ıS(HD − ı∂t)e
−ıS, (3)
where S is the transformation operator that is not unique. One can choose the simplest
form
S =
−ı
2m
β(α · pi), (4)
or choose a more complicated form [26, 29]
S =
−ı
2m
{
βα · pi +
−β
3m2
(α · pi)3 +
1
2m
[
α · pi, eA0 − ı∂t
]}
, (5)
which could bring some convenience in higher-order calculations. However, no matter how
we choose the operator S, the resulting FW Hamiltonian should be equivalent at a given
order of magnitude. Here we give the FW Hamiltonian accurate up to the order of mα6,
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with α being the fine-structure constant
HFW =
(σ · pi)2
2m
+ eA0 −
(σ · pi)4
8m3
−
ı
8m2
[σ · pi,σ · E ]
+
(σ · pi)6
16m5
+
3ı
64m4
{(σ · pi)2, [σ · pi,σ · E ]}
+
5ı
128m4
[(σ · pi)2, {σ · pi,σ · E}] +
1
8m3
E
2 +O(mα8) ,
(6)
where the use of calligraphic style HFW is to emphasize that it is a Hamiltonian density.
The FW transformation allows one to obtain the nonrelativistic form of the current op-
erator J . Also, the nonrelativistic expansions for the relativistic wave function and Green’s
function are respectively
|ψD〉 →
(
1 +
Q
E0 −H0
H ′ + · · ·
)
|φ0〉,
1
E −HD ± ω
→
1
E0 −H0 ± ω
−
1
E0 −H0 ± ω
(E ′ −H ′)
1
E0 −H0 ± ω
+ · · · , (7)
where H0 is the Schro¨dinger-Coulomb Hamiltonian for the system concerned, |φ0〉 is the
eigenstate of H0, and Q/(E0−H0) is the reduced Green’s function with Q = 1−|φ0〉〈φ0| the
projection operator. Also in the above, H ′ is the perturbing Hamiltonian that has a different
form for different situation, such as the one with relativistic or radiative origin, and E ′ is the
expectation value of H ′. Finally, ω is the energy of photon from the external electromagnetic
field. It is noted that eık·x ∼ 1 under the long-wavelength condition |k · x| ≪ 1.
With the FW transformation and the nonrelativistic expansions introduced above, one
can properly describe relativistic and quantum-field effects on a nonrelativistic atomic sys-
tem. It should be noted that the electromagnetic four potential Aµ in the Dirac Hamiltonian
should contain both the interaction for the atom itself and the interaction from the exter-
nal electromagnetic field, which may lead to some difficulties for radiative calculations. In
general, the external electromagnetic field satisfies the long-wavelength condition, meaning
that the wavelength of the external photon is much larger than the Bohr radius. We rewrite
the four potential as Aµ = Aµat+A
µ
ex, where A
µ
at is the field from within the atom and A
µ
ex is
due to the external field. With this distinction, we can replace pi by Π = p− e(Aat +Aex)
in the FW Hamiltonian so that it contains these two fields.
In order to distinguish different effects from the two fields and extract contributions from
multipole moments, we carry out another unitary transformation called the Power-Zienau
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transformation [30]. In general, the Power-Zienau transformation on an Hamiltonian H is
defined by
HPZ = e
−ıφHeıφ + ∂tφ . (8)
The phase φ here is
φ = e
∫ 1
0
r ·Aex (ur) du. (9)
Under the long-wavelength condition, the electromagnetic four potential of the external field
can be expanded into a multipole form
Aµex (r, t) = A
µ
ex (0,t) + r
iAµex (0,t),i +
1
2!
rirjAµex (0,t),ij +
1
3!
rirjrkAµex (0,t),ijk + · · · , (10)
where Aµex (0,t),i ≡
∂A
µ
ex(0,t)
∂ri
. Substituting (10) into (9), we have
φ = e
[
riAiex (0,t) +
1
2!
rirjAiex (0,t),j +
1
3!
rirjrkAiex (0,t),jk +
1
4!
rirjrkrlAiex (0,t),jkl + · · ·
]
(11)
and
eA0ex + ∂tφ = −e
[
r · Eex (0,t) +
1
2!
rirjE iex (0,t),j +
1
3!
rirjrkE iex (0,t),jk + · · ·
]
. (12)
Considering the leading-order relativistic corrections, we use the FW Hamiltonian up to
order mα4
HFW =
(σ ·Π)2
2m
+ e
(
A0at + A
0
ex
)
−
(σ ·Π)4
8m3
−
ı
8m2
[σ ·Π,σ · Eat] . (13)
We then perform the following PZ transformation
HPZ = e
−ıφHFWe
ıφ + ∂tφ ,
which gives rise to
HPZ =
1
2m
[
σ ·
(
pi +
e
2
r × Bex
)]2
− e
[
r · Eex (0,t) +
1
2!
rirjE iex (0,t),j +
1
3!
rirjrkE iex (0,t),jk + · · ·
]
+
−1
8m3
[
σ ·
(
pi +
e
2
r × Bex
)]4
+
−ı
8m2
[
σ ·
(
pi +
e
2
r ×Bex
)
,σ · Eat
]
,
(14)
where Eex and Bex represent, respectively, the external electric and magnetic field, and once
again pi = p− eAat. Here we have used the following approximation
e−ıφΠeıφ ≃ p+ [−ıφ,p]− eAat − eAex = p− eAat +∇φ− eAex.
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Some calculational details can be found in Appendix A. HPZ can further be categorized into
the following four different types of interactions
HPZ = Hat +HE +HM +HEM,
where Hat represents the interaction from within the atom, HE is the interaction from the
external electric field, HM is the interaction from the external magnetic field, and HEM is
the term caused by the coupling between the external electric and magnetic fields. These
Hamiltonians can be expressed according to
Hat = eA
0
at +
1
2m
(σ · pi)2 +
−1
8m3
(σ · pi)4 +
−ı
8m2
[σ · pi,σ · Eat] , (15)
HE = −e
[
r · Eex (0,t) +
1
2!
rirjE iex (0,t),j +
1
3!
rirjrkE iex (0,t),jk + · · ·
]
+
−ı
8m2
[σ · pi,σ · Eex] ,
(16)
HM =
1
2m
{
σ · pi,σ ·
e
2
r ×Bex
}
+
−ı
8m2
[
σ ·
e
2
r × Bex,σ · Eat
]
+
−1
8m3
{
(σ · pi)3 ,σ ·
e
2
r × Bex
}
+
−1
8m3
(σ · pi)
{
σ · pi,σ ·
e
2
r × Bex
}
(σ · pi)
+
1
2m
(
σ ·
e
2
r × Bex
)2
+
−1
8m3
{
(σ · pi)2 ,
(
σ ·
e
2
r ×Bex
)2}
+
−1
8m3
{
σ · pi,σ ·
e
2
r × Bex
}2
+
−1
8m3
{
σ · pi,
(
σ ·
e
2
r ×Bex
)3}
+
−1
8m3
(
σ ·
e
2
r ×Bex
){
σ · pi,σ ·
e
2
r ×Bex
}(
σ ·
e
2
r ×Bex
)
+
−1
8m3
(
σ ·
e
2
r ×Bex
)4
,
(17)
HEM =
−ı
8m2
[
σ ·
e
2
r × Bex,σ · Eex
]
. (18)
With these Hamiltonians, the interaction vertices can be created and the external elec-
tromagnetic field effects can thus be evaluated more explicitly. For example, the electric
polarizability of atom is the second-order effect of the external electric field, which can be
attributed to the Hamiltonian HE. Similarly, the magnetic polarizability can be attributed
to the Hamiltonian HM. It should be mentioned that, when we talk about the radiative
correction of an atom, it is due to the virtual photons of the atomic Hamiltonian Hat. Re-
member that our calculations are performed under the long-wavelength condition, which
implies that the length gauge is used for the external field interaction. For the virtual
photons, we use the velocity gauge in the corresponding Hamiltonian.
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III. DYNAMICAL POLARIZABILITY
The dynamical polarizability of an atom is a measure of response to an AC Stark effect.
The shift of an energy level of atom in a weak electric field E can be expressed in the form
using perturbation theory
∆E =
−1
2
E i∗exE
j
exα
ij, (19)
where αij is the dipole polarizability tensor by definition, which can further be decomposed
into symmetric, anti-symmetric, and symmetric-no-trace parts
E i†exE
j
exα
ij = EkexE
k†
exαS − ıE
i
exE
j†
exα
k
V + E
i
exE
j†
exα
ij
T , (20)
where
αS =
δij
3
αij , αkV = ı
ǫijk
2
αij, αijT =
αij + αji
2
−
δij
3
αij (21)
are respectively called the scalar, the vector, and the tensor parts of the polarizability. In
the above ǫijk is the Levi-Civita symbol.
A. Nonrelativistic Dynamical Polarizability
The external electric Hamiltonian HE is given in Eq. (16), in which the first term in
the first square brackets stands for the electric dipole interaction that causes the following
energy shift
δHE,NR =
∑
a,b
(
−eriaE
i
ex
)
G0 (−ω)
(
−eE j†exr
j
b
)
+
(
−eriaE
i†
ex
)
G0 (ω)
(
−eE jexr
j
b
)
. (22)
This expression can further be recast into the form
δHE,NR = e
2
∑
a,b
E iexE
j†
ex
[
riaG0(−ω)r
j
b + r
j
aG0(ω)r
i
b
]
, (23)
where G0(±ω) = 1/(E0 − H0 ± ω) is the Green’s function. According to the definition of
polarizability Eq. (19), we can extract a general expression for the nonrelativistic dynamical
polarizability operator
αˆijNR = −2e
2
∑
a,b
[
riaG0(−ω)r
j
b + r
j
aG0(ω)r
i
b
]
, (24)
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from which we can obtain the following scalar, vector, and tensor parts of the polarizability
operator according to Eqs. (20) and (21)
αˆS,NR = −
4
3
δije2
∑
a,b
ria
(E0 −H0)
(E0 −H0)
2 − ω2
rjb , (25)
αˆkV,NR = −2ıǫ
ijke2
∑
a,b
ria
ω
(E0 −H0)
2 − ω2
rjb , (26)
αˆijT,NR = e
2
∑
a,b
r{ia
−2 (E0 −H0)
(E0 −H0)
2 − ω2
r
j}
b +
4
3
δije2
∑
a,b
ria
(E0 −H0)
(E0 −H0)
2 − ω2
rjb , (27)
where the curly braces stand for A{iOˆBj} = 1
2
(AiOˆBj + AjOˆBi) for any operator Oˆ sand-
wiched between A and B.
B. Leading-Order Relativistic Corrections
The term −ı
8m2
[σ · pi,σ · Eex] in HE of Eq. (16) represents the leading-order relativistic
effect induced by the external electric field. The corresponding leading-order relativistic
contribution to the energy is thus given by
δHE,R = HR
Q
E0 −H0
δHE,NR + δHE,NR
Q
E0 −H0
HR
+
∑
a,b
[(
−eriaE
i
ex
)
G(1) (−ω)
(
−erjbE
j†
ex
)
+
(
−eriaE
i†
ex
)
G(1) (ω)
(
−erjbE
j
ex
)]
+
∑
a,b
(
−eriaE
i
ex
) −ω
E0 −H0 − ω
1
8mb
[
σ · r, σ · E†ex
]
b
−
∑
a,b
1
8ma
[σ · r,σ · Eex]a
−ω
E0 −H0 − ω
(
−erjbE
j†
ex
)
+
∑
a,b
(
−eriaE
i†
ex
) ω
E0 −H0 + ω
1
8mb
[σ · r, σ · Eex]b
−
∑
a,b
1
8ma
[
σ · r, σ · E†ex
]
a
ω
E0 −H0 + ω
(
−erjbE
j
ex
)
,
(28)
9
where HR is the Breit-Pauli Hamiltonian [31, 32]
HR =
∑
a
{
−
p4a
8m3
+
πZα
2m2
δ3 (ra) +
Zα
4m2
σa ·
ra
r3a
× pa
}
+
∑
a,b
{
−
πα
m2
δ3 (rab)−
α
2m2
pia
(
δij
rab
+
riabr
j
ab
r3ab
)
pjb
−
2πα
3m2
σa · σbδ
3 (rab) +
α
4m2
σiaσ
j
b
r3ab
(
δij − 3
riabr
j
ab
r2ab
)
+
α
2m2r3ab
[(σa · rab × pb − σb · rab × pa) + (σb · rab × pb − σa · rab × pa)]
}
,
(29)
and the first-order expansion of the Green’s function is
G(1)(±ω) = −G0(±ω)(ER −HR)G0(±ω) , (30)
with ER = 〈HR〉. Also since we only consider the leading-order relativistic correction, we
set [σ · pi,σ · Eex] ≃ [σ · p,σ · Eex]. We can see that the last four terms in Eq. (28), which
contain the commutator [σ · r,σ · Eex], representing the propagation between the electric
dipole interaction and the leading-order relativistic interaction, have only anti-symmetric
part, i.e., the vector part. Therefore, the symmetrized polarizability operators are
αˆS,R =
−2e2δij
3
∑
a,b
[
HR
Q
E0 −H0
ria
2 (E0 −H0)
(E0 −H0)
2 − ω2
rjb + r
i
a
2 (E0 −H0)
(E0 −H0)
2 − ω2
rjb
Q
E0 −H0
HR
]
+
−2e2δij
3
∑
a,b
[
riaG
(1) (−ω) rjb + r
i
aG
(1) (ω) rjb
]
,
(31)
αˆkV,R = −2ıe
2ωǫijk
∑
a,b
[
HR
1
E0 −H0
ria
1
(E0 −H0)
2 − ω2
rjb + r
i
a
1
(E0 −H0)
2 − ω2
rjb
1
E0 −H0
HR
]
+ ıe2ǫijk
∑
a,b
[
riaG
(1) (−ω) rjb − r
i
aG
(1) (ω) rjb
]
+
−eω
4m
ǫijk
∑
a,b
{[
riaG0 (−ω) (σ × rb)
j + riaG0 (ω) (σ × rb)
j
]
+
[
(σ × ra)
iG0 (ω) r
j
b + (σ × ra)
iG0 (−ω) r
j
b
]}
,
(32)
αˆijT,R = −e
2
∑
a,b
[
HR
Q
E0 −H0
r{ia
2 (E0 −H0)
(E0 −H0)
2 − ω2
r
j}
b + r
{i
a
2 (E0 −H0)
(E0 −H0)
2 − ω2
r
j}
b
Q
E0 −H0
HR
]
− e2
∑
a,b
[
r{ia G
(1) (−ω) r
j}
b + r
{i
a G
(1) (ω) r
j}
b
]
− αˆS,R .
(33)
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Higher-order relativistic corrections can, in principle, be obtained in a similar way using
more complicated nonrelativistic expansions and interaction vertices.
C. Leading-Order Radiative Corrections
In the following, we take a hydrogen-like atom as an example, where the nonrelativistic
energy correction Eq. (23) becomes
δHE,NR = e
2E iexE
j†
ex
[
riG0 (−ω) r
j + rjG0 (ω) r
i
]
, (34)
and the corresponding polarizability components Eqs. (25), (26), and (27) become
αˆS,NR = −
4
3
δije2ri
(E0 −H0)
(E0 −H0)
2 − ω2
rj ,
αˆkV,NR = −2ıǫ
ijke2ri
ω
(E0 −H0)
2 − ω2
rj,
αˆijT,NR = e
2r{i
−2 (E0 −H0)
(E0 −H0)
2 − ω2
rj} +
4
3
δije2ri
(E0 −H0)
(E0 −H0)
2 − ω2
rj.
(35)
The radiative corrections consist of the high-energy part (|k| > K ∼ mα) and the low-
energy part (|k| < K), according to the momentum of virtual photon [33], where K is the
momentum cut-off factor that can be eliminated in the final result. The energy shift due to
the high energy virtual photon can be calculated according to
〈
δHHE,QED
〉
=
〈
HQED
Q
E0 −H0
δHE,NR + δHE,NR
Q
E0 −H0
HQED
〉
+ e2E iexE
j†
ex
〈[
riG
(1)
QED (−ω) r
j + rjG
(1)
QED (ω) r
i
]〉
,
(36)
where HQED is the QED Hamiltonian given by
HQED =
α
3πm2
(
ln
m
2K
+
5
6
−
3
8
−
1
5
)
∇2V (r) +
α
8πm2
[
∇2V (r) + 2σ · ∇V (r)× p
]
, (37)
with V (r) being the Coulomb potential between the electron and the nucleus, andG
(1)
QED(±ω) =
−G0(±ω)(EQED −HQED)G0(±ω).
The low-energy part can be derived by inserting the irreducible interaction operators Σ
11
into the nonrelativistic corrections, leading to
〈
δHLE,QED
〉
=
〈
Σ0
Q
E0 −H0
δHE,NR
〉
+
〈
δHE,NR
Q
E0 −H0
Σ0
〉
+ e2E iexE
j†
ex
〈[
riG0 (−ω)Σ0G0 (−ω) r
j + rjG0 (ω)Σ0G0 (ω) r
i
]〉
+ E iexE
j†
ex
〈[
Σi1G0 (−ω)
(
−erj
)
+ Σj1G0 (ω)
(
−eri
)]〉
+ E iexE
j†
ex
〈[(
−eri
)
G0 (−ω)Σ
j
1 +
(
−erj
)
G0 (ω)Σ
i
1
]〉
+ E iexE
j†
ex
〈(
Σij2 + Σ
ji
2
)〉
+ 〈δHE,NR〉 (∂E0Σ0) + 〈Σ0〉 (∂E0δHE,NR) .
(38)
The irreducible interaction operators Σ can be understood as the corrections involving the
virtual photon loop. The interaction vertices of virtual photon are contributed by Hat. Σ0
is the self-energy virtual photon loop, Σ1 is the 1-vertex correction, and Σ2 is the 2-vertex
correction, listed below
Σ0 = e
2
∫ K
d3k˜Dkl
pk
m
(
1
Eξ −H0 − ω′
−
1
−ω′
)
pl
m
= ΣlnK0 + Σ˜0,
Σi1 = e
2
∫ K
d3k˜Dkl
pk
m
1
Eξ −H0 − ω′
ri
1
Eη −H0 − ω′
pl
m
= Σi lnK1 + Σ˜
i
1,
Σij2 = e
4
∫ K
d3k˜Dkl
pk
m
1
Eξ −H0 − ω′
ri
1
Eη −H0 − ω′
rj
1
Eζ −H0 − ω′
pl
m
,
(39)
where Eξ, Eη, and Eζ represent the energies in different propagation stages, which have
different values such as E0, E0 + ω, and E0 − ω. Also in the above, d
3k˜ ≡ d
3k′
2ω′(2pi)3
, and
Dkl ≡ δkl− k
′kk′l
ω′2
is the photon propagator in the Coulomb gauge with ω′ being the energy of
virtual photon. FinallyK is the energy upper bound to the low-energy virtual photon. These
integrals have ultraviolet divergence when the virtual photon momentum approaches infinity,
except for Σ2. The linear divergence of Σ0 can be eliminated by subtracting the mass-
counter-term 1
−ω′
[33], as displayed above, while the rest ultraviolet divergence should cancel
out with the infrared divergence from the high-energy contribution (the terms containing
K). The divergent operators Σ0 and Σ1 can be written as the sum of Σ
lnK and Σ˜, where Σ˜ is
the finite part not containing the cut-off factor K. Here we list the results after performing
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the integration of ΣlnKn , Σ˜n (n = 0, 1), and Σ2
ΣlnK0 =
−2α
3πm2
pk (Eξ −H0) p
k ln (2K) ,
Σi lnK1 =
2α
3πm2
pkripk ln (2K) ,
Σ˜0 =
2α
3πm2
pk (Eξ −H0) p
k ln |2 (Eξ −H0) |,
Σ˜i1 =
−2α
3πm2
∑
1,2
pk |1〉 〈1| ri |2〉 〈2| pk
Eη,2 ln |2Eη,2| − Eξ,1 ln |2Eξ,1|
Eξ,1 −Eη,2
,
(40)
and
Σij2 =
−2α
3πm2
∑
1,2,3
pk |1〉
〈
1|ri|2
〉 〈
2|rj|3
〉
〈3| pk
{
Eξ,1 ln |Eξ,1|
(Eξ,1 −Eη,2) (Eη,3 − Eξ,1)
+
Eη,2 ln |Eη,2|
(Eη,2 − Eζ,3) (Eξ,1 − Eη,2)
+
Eζ,3 ln |Eζ,3|
(Eζ,3 − Eξ,1) (Eη,2 − Eη,3)
}
,
(41)
where Es,t ≡ Es − Et, and Ei = 〈i|H0|i〉, (i = 1, 2, 3), are the energies of the intermediate
states |1〉, |2〉, and |3〉 respectively. The summation over 1, 2, 3 means summation over all
possible intermediate states |1〉, |2〉 and |3〉. The result of the Σ2 integral does not contain
lnK as it is finite. The K-dependent terms in the high-energy part Eq. (36) and the low-
energy part Eq. (38) will cancel out exactly with each other after combining, see Appendix B.
Then the QED contributions to the polarizability components can be extracted from the
finite results of the high and low energy parts of the QED Hamiltonian. The obtained finite
results are
αˆS,QED = H˜QED
Q
E0 −H0
αˆS,NR + αˆS,NR
Q
E0 −H0
H˜QED
+
−2δij
3
e2ri
[
G˜
(1)
QED (−ω) + G˜
(1)
QED (ω)
]
rj
+ Σ˜0
Q
E0 −H0
αˆS,NR + αˆS,NR
Q
E0 −H0
Σ˜0
+
−2δije2
3
[
riG0 (−ω) Σ˜0G0 (−ω) r
j + riG0 (ω) Σ˜0G0 (ω) r
j
]
+
−2δij
3
[
Σ˜i1G0 (−ω)
(
−erj
)
+ Σ˜i1G0 (ω)
(
−erj
)]
+
−2δij
3
[(
−eri
)
G0 (−ω) Σ˜
j
1 +
(
−eri
)
G0 (ω) Σ˜
j
1
]
+
−2δij
3
(
Σij2 + Σ
ji
2
)
,
(42)
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αˆkV,QED = H˜QED
Q
E0 −H0
αˆkV,NR + αˆ
k
V,NR
Q
E0 −H0
H˜QED
− ıǫijke2ri
[
G˜
(1)
QED (−ω)− G˜
(1)
QED (ω)
]
rj
+ Σ˜0
Q
E0 −H0
αˆkV,NR + αˆ
k
V,NR
Q
E0 −H0
Σ˜0
− ıǫijke2
[
riG0 (−ω) Σ˜0G0 (−ω) r
j − riG0 (ω) Σ˜0G0 (ω) r
j
]
− ıǫijk
[
Σ˜i1G0 (−ω)
(
−erj
)
− Σ˜i1G0 (ω)
(
−erj
)]
− ıǫijk
[(
−eri
)
G0 (−ω) Σ˜
j
1 −
(
−eri
)
G0 (ω) Σ˜
j
1
]
− ıǫijk
(
Σij2 − Σ
ji
2
)
,
(43)
αˆijT,QED = H˜QED
Q
E0 −H0
αˆijT,NR + αˆ
ij
T,NR
Q
E0 −H0
H˜QED
+ e2r{ia
[
G˜
(1)
QED (−ω) + G˜
(1)
QED (ω)
]
r
j}
b
+ Σ˜0
Q
E0 −H0
αˆijT,NR + αˆ
ij
T,NR
Q
E0 −H0
Σ˜0
+ e2
[
r{iG0 (−ω) Σ˜0G0 (−ω) r
j} + r{iG0 (ω) Σ˜0G0 (ω) r
j}
]
−
[
Σ˜
{i
1 G0 (−ω)
(
−erj}
)
+ Σ˜
{j
1 G0 (ω)
(
−eri}
)]
−
[(
−er{i
)
G0 (−ω) Σ˜
j}
1 +
(
−er{j
)
G0 (ω) Σ˜
i}
1
]
+ Σ
{ij}
2 + Σ
{ji}
2 − αˆS,QED ,
(44)
where H˜QED and G˜
(1)
QED are, respectively, the remainders after cancelling out theK-containing
terms in HQED and G
(1)
QED.
The Bethe-logarithm correction, denoted as ln k0, shows up in the low-energy treatment,
corresponding to the operator Σ˜0. The other two operators Σ˜1 and Σ2 contribute to other
types of logarithmic terms. The numerical evaluation of the second-order electric-field deriva-
tive of the Bethe-logarithm is very difficult [22]. However, the integral representation of ln k0
can be used instead
ln k0 = lim
Λ→∞
[
−
〈p2〉
D
Λ + ln(2Λ) +
∫ Λ
0
ω
J(ω)
D
dω
]
, (45)
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where D = 4π〈δ3(r)〉. The second-order electric field derivative of J(ω) is given in Ref. [22]
∂2EJ (ω) =
2
3
[
2 〈ψ0| r
iR0r
iR0p
jR (ω) pj |ψ0〉 + 2 〈ψ0| r
iR0p
jR (ω) riR0p
j |ψ0〉
+ 〈ψ0| r
iR0p
jR (ω) pjR0r
i |ψ0〉 −
〈
ψ0
∣∣pjR (ω) pj∣∣ψ0〉 〈ψ0 ∣∣riR20ri∣∣ψ0〉
+
〈
ψ0
∣∣pjR (ω) riR (ω) riR (ω) pj∣∣ψ0〉− 〈ψ0 ∣∣riR0ri∣∣ψ0〉 〈ψ0 ∣∣pjR (ω)2 pj∣∣ψ0〉] ,
(46)
where ω means the energy of virtual photon, which is ω′ in our case. For the case of static
field where the frequency of external field is zero, R0 = Q(E0 − H0)
−1, instead of G0(ω).
Except for these differences, (45) and (46) are consistent with our calculations of the low-
energy parts. In our calculations, however, whether the Bethe logarithm is independent
of electric field or not is treated in a unified scheme. Additionally, we can also obtain
higher-order relativistic interaction vertices as shown in Appendix B.
D. Static Limit
By applying the static limit ω → 0, we can compare our relativistic correction with the
known result of the static polarizability [21]. The relativistic corrections to the dynamical
polarizability are given in Eqs. (31), (32), and (33). In our scheme, by making the external
electric field to be real-valued, the energy shift under zero ω becomes
δHd = e
2
∑
a,b
riaE
i
ex
1
E0 −H0
rjbE
j
ex . (47)
For a static field with the energy shift being in the form
∆E ∼
−1
2
αdE
2
ex, (48)
one can evaluate it using the following part of δHd
δHd ∼
e2
3
δijE iexE
j
ex
∑
a,b
ra
1
E0 −H0
rb . (49)
The extracted polarizability is thus
αd =
−2
3
∑
a,b
ra
1
E0 −H0
rb, (50)
which is the same as Eq. (3) of Ref. [21]. The ω-dependent relativistic correction is given
by Eq. (28), where the term −ı
8m2
[σ · pi,σ · Eex] would vanish under the static limit. Since
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the two terms involving G(1)(±ω) in Eq. (28) are equal for the static case, a factor of 1/2
should be multiplied. Replacing δHE,NR by δHd and making the external field E real-valued,
we have
δHE,R ∼ δHd,R ≡ HR
Q
E0 −H0
δHd + δHd
Q
E0 −H0
HR
+
−2e2
3
δijE iexE
j
ex
∑
a,b
ra
1
E0 −H0
(ER −HR)
1
E0 −H0
rb ,
(51)
which is equivalent to the relativistic expression in Ref. [21]. Finally, the terms involving
[σ · pi,σ · Eex] in Eq. (28) gives rise to the relativistic corrections to the dynamical polariz-
ability, which is still less investigated.
IV. MAGNETIC POLARIZABILITY
When we consider an atom in an external magnetic field, atomic energy levels will be
shifted according to the Zeeman effect. The relativistic and radiative corrections to the
Zeeman effect are studied in [24]. Here we will consider the Zeeman effect up to the second
order in external magnetic field, which can be described by a quantity called the the magnetic
polarizability. We start with the Hamiltonian HM expressed in Eq. (17). Usually, the
magnetic dipole effect is a factor of α smaller than the electric dipole effect. With this in
mind, we obtain the following Hamiltonian in its leading order
HM ≃
−e
2m
Bex · (L+ σ) +
−e
4m
Aat · (r ×Bex) +
−e
8m2
(σ × Eat) · (r × Bex)
+
e
8m3
{
p2,Bex · (L + σ)
}
+
e2
8m
(r × Bex)
2 +
−e2
32m3
{
p2, (r × Bex)
2}
+
−e2
8m3
[Bex · (L + σ)]
2 ,
(52)
which includes single-photon and double-photon interaction.
A. Nonrelativistic Magnetic Polarizability
According to Eq. (52), the nonrelativistic interaction is described by
−e
2m
Bex · (L + σ) +
e2
8m
(r × Bex)
2 ,
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where the first term describes the single-photon interaction and the second term the double-
photon interaction. The energy shift caused by this interaction is
δHM,NR =
e2
4m2
∑
a,b
Bex · (L+ σ)a
1
E0 −H0 − ω
(L + σ)b · B
†
ex
+
e2
4m2
∑
a,b
B
†
ex · (L + σ)a
1
E0 −H0 + ω
(L+ σ)b ·Bex
+
∑
a
e2
4m
(r ×Bex)
2
a .
(53)
We then divide δHM,NR into symmetric and anti-symmetric parts rather than scalar, vector,
and tensor parts
δHSM,NR =
e2
4m2
∑
a,b
BiexB
j†
ex + B
j
exB
i†
ex
2
(L+ σ)ia
2 (E0 −H0)
(E0 −H0)
2 − ω2
(L+ σ)jb
+
e2
4m
∑
a
BiexB
j†
ex + B
i†
exB
j
ex
2
(
r2aδ
ij − riar
j
a
)
,
δHAM,NR =
e2
4m2
∑
a,b
BiexB
j†
ex − B
j
exB
i†
ex
2
{
(L+ σ)ia
2ω
(E0 −H0)
2 − ω2
(L+ σ)jb
}
,
(54)
where the second term in δHSM,NR is the double-photon contribution. And the rest terms
contribute to the magnetic dipole correction. The second-order energy shift due to the
magnetic field can be written in the form
∆E ∼
−1
2
βijBi†exB
j
ex , (55)
where the nonrelativistic magnetic polarizability components can then be extracted
βS,ijNR =
−e2
4m2
∑
a,b
(L+ σ){ia
2 (E0 −H0)
(E0 −H0)
2 − ω2
(L+ σ)
j}
b +
−e2
4m
∑
a
(
r2aδ
{ij} − r{ia r
j}
a
)
,
βA,kNR =
−e2
4m2
ǫijk
∑
a,b
{
(L+ σ)ia
2ω
(E0 −H0)
2 − ω2
(L+ σ)jb
}
.
(56)
B. Relativistic Corrections to the Magnetic Polarizability
The leading-order relativistic magnetic Hamiltonian is
HM,R =
−e
4m
Aat · (r × Bex) +
e
8m3
{
p2,Bex · (L + σ)
}
+
−e
8m2
(σ × Eat) · (r × Bex)
+
−e2
32m3
{
p2, (r ×Bex)
2}+ −e2
8m3
[Bex · (L+ σ)]
2 ,
(57)
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which contains the kinetic correction of nonrelativistic interaction, the atomic-magnetic
coupling field, and the double-photon correction of magnetic-angular momentum interaction.
Since the expression of the energy shift is tedious to write down, we only list the magnetic
polarizability components
βS,ijR = HR
Q
E0 −H0
βS,ijNR + β
S,ij
NR
Q
E0 −H0
HR
+
−e2
4m2
∑
a,b
(L+ σ){ia
[
G(1) (−ω) +G(1) (ω)
]
(L+ σ)
j}
b
+
−e
2m
∑
a,b
J {ia
−2 (E0 −H0)
(E0 −H0)
2 − ω2
(L+ σ)
j}
b
+
−e
2m
∑
a,b
(L+ σ){ia
−2 (E0 −H0)
(E0 −H0)
2 − ω2
J
j}
b
+
e2
32m3
∑
a
{
pˆ2,
(
δ{ij}r2a − r
{i
a r
j}
a
)}
+
e2
8m3
∑
a
(L+ σ){ia (L+ σ)
j}
a ,
(58)
βA,kR = HR
Q
E0 −H0
βA,kNR + β
A,k
NR
Q
E0 −H0
HR
+
−e2
4m2
ǫijk
∑
a,b
(L+ σ)ia
[
G(1) (−ω)−G(1) (ω)
]
(L+ σ)jb
+
∑
a,b
ǫijkJ ia
−2ω
(E0 −H0)
2 − ω2
−e
2m
(L+ σ)jb
+
∑
a,b
ǫijk
−e
2m
(L+ σ)ia
−2ω
(E0 −H0)
2 − ω2
J jb ,
(59)
where G(1)(±ω) is defined by Eq. (30) and
J ia =
−e
4m
(Aat × ra)
i +
e
8m3
{
p2, (L+ σ)i
}
a
+
−e
8m2
(σ × Eat × r)
i
a . (60)
V. OTHER TYPES OF CORRECTIONS
Other types of corrections can also be obtained by recalling the Hamiltonians in Sec. II,
including external electric-magnetic coupling interaction, or the Coulomb-transverse photon
vertex. Multipole interactions are contained in the PZ transformed vector potential, as
indicated in Eqs. (12) and (16). The magnetic multipole terms are discussed in Appendix A.
Here we first discuss the external electric-magnetic coupling or Coulomb-transverse photon
contributions by considering the leading-order relativistic corrections, followed by a brief
discussion on some types of multipole corrections.
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A. Coulomb-Transverse Photon Contribution
Consider the electric dipole interaction −eriE iex, the magnetic dipole interaction
−e
2m
Bex ·
(L+ σ), and the double-photon interaction HEM defined in Eq. (18). The nonrelativistic
contribution of the coupling among these interactions is
δHEM,NR =
e2
2m
E iexB
j†
ex
∑
a,b
[
ria
1
E0 −H0 − ω
(L+ σ)jb + (L+ σ)
j
a
1
E0 −H0 + ω
ria
]
+
e2
2m
E i†exB
j
ex
∑
a,b
[
ria
1
E0 −H0 + ω
(L+ σ)jb + (L+ σ)
j
a
1
E0 −H0 − ω
ria
]
+
−e
8m2
∑
a
1
2
[(
σa × E
†
ex
)
· (ra × Bex) + (σa × Eex) ·
(
ra × B
†
ex
)]
. (61)
It is seen that the contributions from the first two terms above are zero, because the electric
and magnetic dipole operators have opposite parities. The last term above can be simplified
as
−e
8m2
BiexE
j†
ex + B
i†
exE
j
ex
2
∑
a
(
δij (σ · r)− σirj
)
a
, (62)
which also has zero contribution, due to 〈r〉 = 0 for a nonrelativistic wave function of fixed
parity.
Now we consider higher-order corrections to see if there are non-zero contributions. The
leading-order relativistic correction to the electric dipole is generated by the relativistic
electric-dipole interaction with the nonrelativistic magnetic dipole interaction, and by the
relativistic magnetic dipole interaction with the nonrelativistic electric interaction, shown
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below
∆HEM,R = HR
Q
E −H0
∆HEM,NR +∆HEM,NR
Q
E −H0
HR
+
e2
2m
E iexB
j†
ex
∑
a,b
[
riaG
(1) (−ω) (L+ σ)jb + (L+ σ)
j
aG
(1) (ω) ria
]
+
e2
2m
E i†exB
j
ex
∑
a,b
[
riaG
(1) (ω) (L+ σ)jb + (L+ σ)
j
aG
(1) (−ω) ria
]
− eE iexB
j†
ex
∑
a,b
[
ria
1
E0 −H0 − ω
J jb + J
j
a
1
E0 −H0 + ω
rib
]
− eE i†exB
j
ex
∑
a,b
[
ria
1
E0 −H0 + ω
J jb + J
j
a
1
E0 −H0 − ω
rib
]
+
−ıe
8m2
E iexB
j†
ex
∑
a
[
(σ × r)ia , (L+ σ)
j
a
]
+
−ie
8m2
E i†exB
j
ex
∑
a
[
(σ × r)ia , (L+ σ)
j
a
]
+
−ıe
8m2
E iexB
j†
ex
∑
a,b
[
(σ × r)ia
ω
E −H0 − ω
(L+ σ)jb + (L+ σ)
j
a
ω
E −H0 + ω
(σ × r)ib
]
+
−ıe
8m2
E i†exB
j
ex
∑
a,b
[
(σ × r)ia
−ω
E −H0 + ω
(L+ σ)jb + (L+ σ)
i
a
−ω
E −H0 − ω
(σ × r)jb
]
,
(63)
where the current operator is defined as Eq. (60) and G(1)(±ω) defined as Eq. (30).
The contribution from this higher-order interaction is also zero, because the electric and
magnetic vertices have opposite parity and the Hamiltonian H0 in the propagator is a parity-
even operator. Furthermore, there is no way for the intermediate states to break the parity,
no matter how many they have. Therefore, this type of interaction should have no contri-
bution to the polarizabilities. However, if H0 contains some non-perturbative terms that
break the parity symmetry, there may exist non-zero contributions to the polarizabilities.
B. Multipole Contributions
In principle, the multipole interaction of arbitrary order can be extracted from our scheme.
The electric multipole terms are contained in Eq. (10) and the magnetic multipole terms can
be seen in Appendix A. We will not consider the magnetic multipole interactions as they
are higher order of magnitude and thus negligible. Here we present the energy shifts due
to the electric dipole-quadrupole, electric dipole-octupole, and electric quadrupole-magnetic
20
dipole couplings. The electric dipole-quadrupole interaction term is
δHE1E2 =
e2
2
∑
a,b
[
riaE
i
ex
1
E0 −H0 − ω
rjbr
k
b
(
∇kE j†ex
)
+ riaE
i†
ex
1
E0 −H0 + ω
rjbr
k
b
(
∇kE jex
)]
+
e2
2
∑
a,b
[
riar
k
a
(
∇kE iex
) 1
E0 −H0 − ω
rjbE
j†
ex + r
i
ar
k
a
(
∇kE iex
) 1
E0 −H0 + ω
rjbE
j
ex
]
,
(64)
which has zero contribution, because the electric dipole riE iex has odd parity and the electric
quadrupole interaction rirj∇jE i has even parity. Notice that the electric dipole and octupole
terms have the same parity, which may result in a non-zero contribution. The electric dipole-
octupole correction is given by
δHE1E3 = E
i
ex
(
∇lE j†ex
) e2
3!
∑
a,b
[
ria
1
E0 −H0 − ω
rjbr
k
b r
l
b + r
j
ar
k
ar
l
a
1
E0 −H0 + ω
rib
]
+ E i†ex
(
∇lE jex
) e2
3!
∑
a,b
[
ria
1
E0 −H0 + ω
rjbr
k
b r
l
b + r
j
ar
k
ar
l
a
1
E0 −H0 − ω
rib
]
.
(65)
Similarly, the electric quadrupole and magnetic dipole terms have the same parity and their
coupling gives rise to the following Hamiltonian
δHE2M1 =
e2
2m
(
∇kE iex
)
Bj†ex
∑
a,b
[
riar
k
a
1
E0 −H0 − ω
(L+ σ)jb + (L+ σ)
j
a
1
E0 −H0 − ω
ribr
k
b
]
+
e2
2m
(
∇kE i†ex
)
Bjex
∑
a,b
[
riar
k
a
1
E0 −H0 + ω
(L+ σ)jb + (L+ σ)
j
a
1
E0 −H0 − ω
ribr
k
b
]
.
(66)
VI. SUMMARY
In this paper, we developed the theory of long-wavelength quantum electrodynamics to
describe the second order external electromagnetic effects on light atomic systems, where the
relativistic and radiative corrections were treated in a unified scheme. The nonrelativistic
approximation was realized using the FW transformation. The interaction from external
electromagnetic field was distinguished from the atomic interaction by applying the Power-
Zienau transformation. We can see that successive use of the FW and PZ transformations
on the Dirac Hamiltonian allows us to obtain the interaction between an atom and a long-
wavelength external field, which includes not only the effect of an external field on the atom,
but also the relativistic effects inside the atom, as well as the coupling between the two. The
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effects due to electric and magnetic fields can be clearly separated, and their multipole terms
can be identified during the transformation process. Our approach is somewhat different
from Pachucki’s approach [24], where Pachucki uses the FW Hamiltonian first to construct
the nonrelativistic interaction for the atom, i.e., the Hamiltonian in quantum mechanics
that can be used directly in calculating matrix elements, followed by an application of the
PZ transformation to describe the effects brought in by the external fields. In our approach,
we first apply the PZ transformation on the FW Hamiltonian, followed by the construction
of the interaction from the PZ Hamiltonian, where this PZ Hamiltonian is, in fact, the
Hamiltonian density in quantum field theory. However, these two approaches should be
equivalent in nonrelativistic quantum field theory.
For the radiative corrections, we treated them at high energy and low energy regions.
A cut-off K was introduced to deal with the ultraviolet divergence caused by the virtual
photon loop. The similarities and differences of our approach with other work were discussed.
We can also obtain higher-order relativistic interaction vertices in our method, which is
new, to the best of our knowledge. The results in the static limit was given, and the
relativistic corrections to the static polarizability were derived, which are in agreement
with the known published results. The calculation of magnetic dipole polarizability was
based on Appendix A. There should be no special difficulties in treating magnetic multipole
interactions. The leading-order relativistic corrections to the magnetic dipole polarizability
were given.
A special type of interaction due to the Coulomb-transverse photon arises naturally when
the FW and PZ transformations are applied to the Dirac Hamiltonian. As we discussed in
Sec. V, in the case of the Coulomb-transversal photon interaction, this interaction term has
no contribution from parity consideration. Nevertheless, we cannot rule out the possibility
of having some non-perturbative terms that destroy the parity and thus result in a non-zero
contribution. Finally, we briefly discussed the electric multipole contributions and their
coupling with the magnetic dipole moment.
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Appendix A: A Note on the PZ Transformation
The Power-Zienau transformation applied on FW Hamiltonian is
HPZ = e
−ıφHFWe
ıφ + ∂tφ ,
where HFW is the FW Hamiltonian Eq. (13)
HFW =
(σ ·Π)2
2m
+ eA0 −
(σ ·Π)4
8m3
−
ı
8m2
[σ ·Π,σ · E ] .
In the above, Π = p−e(Aat+Aex) = pi−eAex, Aat is the electromagnetic field from within
the atom, Aex is the external electromagnetic field, and eA
0
ex+∂tφ is given in Eq. (12). Here
we focus on e−ıφΠeıφ.
We first write down
e−ıφΠeıφ = e−ıφ (p− eA) eıφ ≃ p + [−ıφ, pˆ]− eAat − eAex, (A1)
in which we expand the exponential terms and reserve the first order in φ. The above
expression can further be simplified by noting pˆ = −ı∇
e−ıφΠeıφ = p− eAat + (∇φ)− eAex, (A2)
where (∇φ)− eAex is responsible for magnetic dipole and multipole interaction. Using the
expansion of φ listed in Eq. (11) yields
[(∇φ)− eAex]
m
= ∇me
[
riAiex (0,t) +
1
2!
rirjAiex (0,t),j +
1
3!
rirjrkAiex (0,t),jk +
1
4!
rirjrkrlAiex (0,t),jkl + · · ·
]
− e
[
Amex (0,t) + r
iAmex (0,t),i +
1
2!
rirjAmex (0,t),ij +
1
3!
rirjrkAmex (0,t),ijk + · · ·
]
= e
{
ri
2!
Bmiex +
2ri
3!
rj∂jB
mi
ex +
3ri
4!
rjrk∂j∂kB
mi
ex + · · ·+
nri
[
r(n−1) : ∇(n−1)
]
(n + 1)!
Bmiex + · · ·
}
,
(A3)
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where the superscript m is a 3-dimensional spatial index. The notation r(n) : ∇(n) means
an arrangement that n-number r and n-number ∇. For example, when n = 3, this notation
is given in a explicit expression r(3) : ∇(3) = rjrkrl∇j∇k∇l. This is a general formula for
magnetic multipole interaction in the Hamiltonian. Therefore, the transformed Π becomes
e−ıφΠeıφ = pi + e
[
ri
2!
Bmiex +
2ri
3!
rj∂jB
mi
ex +
3ri
4!
rjrk∂j∂kB
mi
ex + · · ·+
nri (rn−1 : ∇n−1)
(n + 1)!
Bmiex + · · ·
]
(A4)
In our discussion only the contribution from the magnetic dipole moment is considered,
because higher-order contributions are negligible in comparison with the electric interaction.
Appendix B: A Note on Radiative Calculation
As we mentioned above, the virtual photon interaction is caused by the atomic Hamilto-
nian Eq. (15). If we only consider the electromagnetic field within the atom, this Hamilto-
nian is exactly the FW Hamiltonian. The nonrelativistic approximated interaction vertices
can be constructed using this Hamiltonian, as listed in Table I. Recall the Σ operators in
Eq. (39), which contain the interaction vertices pi/m. In our calculation, this single-photon
nonrelativistic interaction vertex is called dipole and fermion vertex in Table I. The first
order of relativistic vertices are also listed in the Table, though we did not use them in this
work.
Next we demonstrate how to eliminate the divergence in our calculation. As mentioned
above, the radiative correction to the energy shift is divided into high- and low-energy parts.
An artificial factor K is introduced to treat the divergence due to the virtual-photon loop.
The K-dependent terms in low- and high-energy parts should cancel out with each other.
We first consider the low-energy part. As introduced in Eq. (40), the irreducible interaction
operators Σ can be divided into ΣlnK and Σ˜, where ΣlnK represents the divergent part.
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TABLE I. Feynman rules derived from NRQED, up to relativistic interaction. p and p′ are the
momenta for incoming and outgoing electrons respectively, and q and q′ are the corresponding
momenta for photons.
Nonrelativistic vertices
dipole and fermion vertex
−e
2m (σ · p
′σi + σiσ · p)
seagull vertex
e2
2mδ
ij
Relativistic vertices (first order)
relativistic dipole and fermion vertex
e
8m3
[
σi (σ · p) (σ · p)2 + (σ · p′) σi (σ · p)2 + (σ · p′)2 σi (σ · p) + (σ · p′)2 (σ · p′)σi
]
time-derivative vertex
−ω
8m2
[
(σ · p′)σi − σi (σ · p)
]
relativistic two-photon exchange vertex
−e2
8m3
[{
σi, σj
}
(σ · p)2 + (σ · p′)2
{
σi, σj
}
+ (σ · p′)
{
σi, σj
}
(σ · p)
]
+−e
2
8m3
[
σi (σ · (p′ + q′)) (σ · (p+ q))σj + σj (σ · (p′ + q)) (σ · (p+ q′))σi
]
+−e
2
8m3
[
σi (σ · (p′ + q′))σj + σj (σ · (p′ + q)) σi
]
(σ · p)
+−e
2
8m3
(σ · p′)
[
σi (σ · (p+ q))σj + σj (σ · (p+ q′)) σi
]
Then the low-energy divergent part can be written in the form
〈
δHL,lnKE,QED
〉
=
〈
ΣlnK0
Q
E0 −H0
δHE,NR + δHE,NR
Q
E0 −H0
ΣlnK0
〉
+ e2E iexE
j†
ex
〈[
riG0 (−ω) Σ
lnK
0 G0 (−ω) r
j + rjG0 (ω)Σ
lnK
0 G0 (ω) r
i
]〉
+ E iexE
j†
ex
〈[
Σi,lnK1 G0 (−ω)
(
−erj
)
+ Σj,lnK1 G0 (ω)
(
−eri
)]〉
+ E iexE
j†
ex
〈[(
−eri
)
G0 (−ω)Σ
j,lnK
1 +
(
−erj
)
G0 (ω)Σ
i,lnK
1
]〉
+ 〈δHE,NR〉
(
∂E0Σ
lnK
0
)
+
〈
ΣlnK0
〉
(∂E0δHE,NR) .
(B1)
Using the following identity
pk
m
(E0 −H0)
pk
m
=
1
2
{
pk
m
[
(E0 −H0) ,
pk
m
]
+
[
pk
m
, (E0 −H0)
]
pk
m
+
pk
m
pk
m
}
,
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the low-energy divergent part becomes〈
δHL,lnKE,QED
〉
=
−α
3πm2
ln 2K
〈[
∇2V
Q
(E0 −H0)
δHE,NR + δHE,NR
Q
(E0 −H0)
∇2V
]〉
+
2α
3πm2
ln 2K
(
E iexE
j†
ex
) 〈
riG0 (−ω)
(
∇2V −
〈
∇2V
〉)
G0 (−ω) r
j
〉
+
2α
3πm2
ln 2K
(
E iexE
j†
ex
) 〈
rjG0 (ω)
(
∇2V −
〈
∇2V
〉)
G0 (ω) r
i
〉 (B2)
The high-energy part of radiative correction is given in Eq. (36). By taking the term
containing lnK from the QED Hamiltonian in Eq. (37), we have
H lnKQED =
α
3πm2
ln
( m
2K
)
∇2V (r) . (B3)
Substituting this into Eq. (36) yields the logarithmic term of the high-energy part〈
δHH,lnKE,QED
〉
=
〈
H lnKQED
Q
E0 −H0
δHE,NR + δHE,NR
Q
E0 −H0
H lnKQED
〉
+ e2E iexE
j†
ex
〈[
riG
(1) lnK
QED (−ω) r
j + rjG
(1) lnK
QED (ω) r
i
]〉
,
(B4)
where G
(1) lnK
QED (±ω) = −G0 (±ω)
(
H lnKQED − 〈H
lnK
QED〉
)
G0 (±ω). Because of H
lnK
QED containing
∇2V (r), one can see that the divergent parts in both low- and high-energy expressions cancel
out completely.
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